
𝑅(𝑠) 𝐶(𝑠)
+
−

𝐺!(𝑠)

𝐺"(𝑠)

𝐺#(𝑠)

𝐺$(𝑠)

−

+

Correct result: 6 Marks
Mistakes in the block diagram manipulation: 3-4 (3 if correct moves across pickoff or sum junction points
Some procedure: 2 Marks

Q(A i): block diagram 6 marks



𝑅(𝑠) 𝐶(𝑠)
+
−

𝐺!(𝑠)

𝐺"(𝑠)

𝐺#(𝑠)

𝐺$(𝑠)

−

+𝑎
𝑏

𝑒

𝑑

𝑐

𝑎 = 𝑅 − 𝑑
𝑏 = 𝐺"𝑎
𝑐 = 𝑏 − 𝑒
𝑑 = 𝐺!𝑐
𝐶 = 𝐺$𝑐
𝑒 = 𝐺#𝐶



𝑅(𝑠) 𝐶(𝑠)
+
−

𝐺!(𝑠)

𝐺"(𝑠)

𝐺#(𝑠)

𝐺$(𝑠)

−

+

1
𝐺$(𝑠)



𝑅(𝑠) 𝐶(𝑠)
+
−

𝐺"(𝑠)
𝐺$ 𝑠

1 + 𝐺$ 𝑠 𝐺# 𝑠

𝐺!(𝑠)
𝐺$(𝑠)



𝑅(𝑠) 𝐶(𝑠)
+
−

𝐺" 𝑠 𝐺$ 𝑠
1 + 𝐺$ 𝑠 𝐺# 𝑠

𝐺!(𝑠)
𝐺$(𝑠)

𝐶 𝑠
𝑅 𝑠

=

𝐺" 𝑠 𝐺$ 𝑠
1 + 𝐺$ 𝑠 𝐺# 𝑠

1 + 𝐺" 𝑠 𝐺$ 𝑠
1 + 𝐺$ 𝑠 𝐺# 𝑠

𝐺!(𝑠)
𝐺$(𝑠)

=
𝐺" 𝑠 𝐺$ 𝑠

1 + 𝐺$ 𝑠 𝐺# 𝑠 + 𝐺" 𝑠 𝐺!(𝑠)



Q(A ii): find transfer function

The PO is given by expression: 𝑃𝑂 = 100 exp − %&
"'&!

which allows to evaluate damping factor 𝜁 = 0.1.

The 5% settling time reads: 𝑇( =
!

&)"
which after evaluating 𝜁 from PO allows to evaluate 𝜔* = 10 rad/s.

1 Mark

1 Mark

Correct result: 1 Mark for 𝜁 + 1 Mark for 𝜔*

4 Marks



(v) Taking Laplace transforms of both sides yields 𝑌(𝑠)
𝑈(𝑠) =  4𝑠−1

8𝑠2+2𝑠−3
    [1] 

Setting 4𝑠 − 1 = 0 yields a zero at 0.25.    [1] 
Solving 8𝑠2 + 2𝑠 − 3 = 0 gives poles at s = 0.5 and s = -0.75   [2] 
Since there is a pole in the RHS of the s-plane the system is unstable. [1] 

[5 marks] 

(vi) The root locus is a graphical technique used to examine how the roots and poles of a system move in 
the s-plane with variation of a certain system parameter. For example, it can be used to determine if a 
system will become unstable for certain values of gain, K, or the behaviour of oscillatory pole-pairs. 

[2 marks] 

(vii) An example reduction might proceed as follows: 

                

        

[5 marks] 
(viii) at DC, Z = 0, so 𝐺(0) =  3

−3
= −1 

 [2 marks] 
(ix) From Figure A1.3 
The characteristic equation is 3 25 ( 6) 0+ + − + =s s K s K  [1] 
and the Routh array is therefore 

 s3: 1 6−K  0 
 s2: 5 K 0 

 s1: 
4 30

5
−K

  0 

 s0: K 0         [3] 
 
and the limits on K are given by the magnitude of K required to give a sign change in the first column, i.e. 
4 30

0 and 0,
5
−

! !
K K  so K > 7.5.    [1] 

[5 Marks] 
 

(x) The differential equation for the PID controller can be stated as ( ) ( ) ( ) ( )
dt
tdeKdtteKteKtm d

t

ip ++= ³
0

      [2] 

There are many different ways of writing the transfer function of a PID controller. The general form is 

( ) i
c c d

KG s K K s
s

= + +        [2] 

where Kc is the proportional gain (often Kp is used), Ki is the integral gain used to reduce steady state errors 
and Kd is the derivative gain used to respond to the rate of error change. 

[4 mark] 
 
 
 

H1 

[3 mark]

[1]

Q(A iii) PID: 3 marks



3−5𝑒'+ + 2𝑒'$+

3−5𝑒'+ + 2𝑒'$+ 𝜃(𝑡) →

3
𝑠
−

5
𝑠 + 1

+
2

𝑠 + 2
=

𝑠 + 6
𝑠 𝑠 + 1 𝑠 + 2

Q(A iv): To find the transfer function corresponding to the time response:

First find the Laplace transform of the response and arrange:

Then since the Laplace transform of a unit step is 1/𝑠 we obtain the transfer function:

𝐺 𝑠 =
𝑠 + 6

𝑠 + 1 𝑠 + 2

5 Marks

2 Marks

2 Marks
Correct result +1; 
LT of input +1

Definition of TF 1 mark



Q(A v): Linearization:

3 Mark (procedure)

1 Mark (correct)

7 Marks

(a)

(b) 

2 Mark procedure

1 Mark for 
recognizing that 
u(t) = -t



Q(A vi): Consider transfer function:

• Natural frequency is: 𝜔* = 25𝑠'" = 5 𝑠'"

• Damping factor: 2𝜁𝜔* = 2 → 𝜁 = "
)"

= 0.2

• Peak time: 𝑇, =
%

)" "'&!
= %

$#
sec ≈ 0.64 sec

• Settling time: 𝑇( = 4𝑇 = #
&)"

= 4 sec

• Percentage overshoot: 𝑃𝑂 = 100 exp − %&
"'&!

= 100 exp − %
$#

= 52.66%

𝐺 𝑠 =
50

𝑠$ + 2𝑠 + 25

5 Marks

3 Marks

1 Marks

If 1 missing -1
If 2 missing -2 
If all missing -3

Formulas matter
If not units then -1 (if some units ok)



Q(A vii): State space representation:

Denominator:

• Convert to ode:    𝑦̈ + 4𝑦̇ + 2𝑦 = 𝑟

• Identify state variables: 𝑥" = 𝑦, 𝑥$ = 𝑦̇ and so 𝑥̇" = 𝑦̇, 𝑥̇$ = 𝑦̈

• So: 𝑥̇$ + 4𝑥$ + 2𝑥" = 𝑟 and:

̇𝑥"
𝑥$ = 0 1

−2 −4
𝑥"
𝑥$ + 0

1 𝑟

Nominator:

• 𝑥" = 𝑥"; 𝑥̇" = 𝑥$

• 𝑦 = 𝑥$ + 3𝑥"

• 𝑦 = 3 1
𝑥"
𝑥$

Handle nominator and denominator of the transfer function separately.

6 Mark

1 Mark

2 Mark

1 Mark

1 Mark

1 Mark



Q(A viii): Gain and Phase at 𝝎 = 𝟏 rad/s

𝐺 𝑠 =
𝑠! + 2𝑠$

𝑠# + 𝑠! + 1

𝐺 𝑗𝜔 )→" =
−𝑗𝜔! − 2𝜔$

𝜔# − 𝑗𝜔! + 1
)." −𝑗 − 2

1 − 𝑗 + 1
= −

2 + 𝑗
2 − 𝑗

= −
3
5
−
4
5
𝑗

𝐺 𝑗𝜔 )→" =
25
5

= 1

Gain:

Phase:

arg 𝐺 𝑗𝜔 )→" = arg −
3
5
−
4
5
𝑗 = tan'"

4
3
= 53.12°

4 Marks

2 Marks

2 Marks


