Method of characteristics

C* Al+o_ng C.’ Suppose we know the flow
=v-Ols tate at points A and B
constant state atp

R,=v,(M,)-0,

p /NM . R, =v,(M;)+0,
0 { 1 _
At point P we must have

_ +
v,—0,=R,
C e
v,+0, =R,
Along C-, R"=v+6
is constant Hence, at point P
v, = RZ +R, 5, = R, —RZ
2 2

From IFT we can find Mp, hence we have marched the solution downstream
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Minimum length nozzle worked example



Reflection from a wall

Wall point Boundary condition:

/W/m tangential flow at the wall

In general we get a reflected
C characteristic wave

C+
R, =v,+0,
A
+— —
RA _VA_QA _VW_QW

(So we can find vy, hence M etc)



Wave cancellation

Wall point

w
Ow= 64
B

In this case there is no reflected wave and

Suppose we choose 6,,= 0,

Vi =V4
C+
This is a useful design method for nozzles to
get uniform flow at the exit

=V, — 6),4 To find the co-ordinates of Wwe |, = (9+’U)A
can use the same formulae as i
before, but based on the triangle oty _[QB + QW]
ABW (B=previous wall point)




MoC example: nozzle with flow straightening

(not to scale)
Simple flow
regions
— (characteristics
from one
direction only)

Uniform flow
<€ > € > region

Prescribed Designed

geometry geometry
(reflecting) (cancelling)




Minimum length nozzle

Suppose we start the cancellation at the throat
(and take a symmetric case)

Simple region

Uniform flow
region (M,)

This is the minimum length

D centreline to get uniform outflow

Point D must have =0 and v(M,)  R. =6, +v, =v(M,)
HenceatC  R.=v(M,)=0,, +V,
P-M expansion at C 0. =V, —v(M = 1) =Ve

m

and finally |6 . =




Symmetry plane

By symmetry V4 =V;p
0,=-0,

so R,=R,

Ry=Rp,=v, =R,

i.e. a reflected wave

centreline

/ .

satisfy symmetry)

Geometry
1
U pp ZE[(Q—/J)B +(0_'U)P]
with 6,=0 and wp=sin"'(1/Mp)
Yp— Vs Yp=0

Xp—X
P B
Xp =Xz — s
tan o,

tana,, =




Test Section



Template for MoC calculation

Point

R+

0

A%

1)

0+p

OINO|O|D|WIN2Q|0|T|D

(]

-
(@)

-
—

-
N

-
w

—
o




Step 1: Add target Mach number and required P-M expansion wave (6.=0.373)

Point| R* R 0 v M B O+u 0-u X y
a 0.37 0.37 0 1
b 6.37 6.37 0 1
c 12.37| 12.37 0 1
d 18.37| 18.37 0 1
1

2

3

4

5

6

7

8

9

10

11

12

13 2.4

14 2.4




Step 2: Work out R-and v

Point| R* R 0 v M O+u 0-u X y
a 0 0.75 0.37 0.37 0 1
b 0| 1275| 6.37| 6.37 0 1
c 0| 24.75 12.37 | 12.37 0 1
d 0| 36.75 18.37 | 18.37 0 1
1

2

3

4

5

6

7

8

9

10

11

12

13 2.4

14 2.4

Test Section



Step 3: Compute Mach number, Mach angle and characteristic lines

R+

R-

Point 0 v M B O+u 0-u X y
a 0| 075 037 037| 1.042| 7374| 74.11 -73.36 0 1
b 0| 1275 637 6.37| 1.307| 49.90| 56.27 -43.52 0 1
c 0| 24.75| 12.37| 12.37| 1516| 4128| 5365 -28.90 0 1
d 0| 36.75| 18.37| 18.37| 1.719| 3557 | 53.94 -17.19 0 1
1

2

3

4

5

6

7

8

9

10

11

12

13 2.4

14 2.4

Test Section



Step 4: Trace the R characteristics down

Point| R* R 0 v M B O+u 0-u X y
a 0| 075 037 037| 1.042| 7374| 74.11 -73.36 0 1
b 0| 1275| 637 6.37| 1.307| 49.90| 56.27 -43.52 0 1
c 0 24.75 1237 | 12.37| 1.516| 41.28| 53.65 -28.90 0 1
d 0| 36.75 18.37| 18.37| 1.719| 35.57| 53.94 -17.19 0 1
1 0.75

2 12.75

3 24.75

4 36.75

5

6

7

8

9

10

11

12

13 2.4

14 2.4

Test Section



Step 5: Trace R* from centreline boundary condition, hence 6 and v

Point | R* R 0 v M n O+p 0-p X

a 0 0.75 0.37 037 | 1.042| 73.74 74.11 -73.36 0 1
b 0] 12.75 6.37 6.37 | 1.307| 49.90 56.27 -43.52 0 1
c 0| 24.75 1237 | 1237 | 1.516| 41.28 53.65 -28.90 0 1
d 0| 36.75 18.37| 18.37| 1.719| 35.57| 53.94 -17.19 0 1
1 0.75 0.75 0.00 0.75

2 0.75| 12.75 6.00 6.75

3 0.75| 24.75 12.00| 12.75

4 0.75| 36.75 18.00| 18.75

5 0.75

6

7

8

9

10

11

12

13 24

14 24




Step 6: Compute property data and geometry for points 1-4

Point | R* R 0 v M n O+p 0-p X y
a 0 0.75 0.37 037 | 1.042| 73.74 74.11 -73.36 0 1
b 0] 12.75 6.37 6.37 | 1.307| 49.90 56.27 -43.52 0 1
c 0| 24.75 1237 | 1237 | 1.516| 41.28 53.65 -28.90 0 1
d 0| 36.75 18.37| 18.37| 1.719| 35.57| 53.94 -17.19 0 1
1 0.75 0.75 0.00 0.75| 1.067 | 69.61 69.61 -69.61| 0.335| 0.000
2 0.75| 12.75 6.00 6.75| 1.321| 49.21 55.21 -43.21| 0.574| 0.458
3 0.75| 24.75 1200 | 12.75| 1.529| 40.86 52.86 -28.86| 0.691| 0.619
4 0.75| 36.75 18.00| 18.75| 1.732| 35.27 53.27 -17.27 | 0.7928 | 0.754
5 0.75

6

7

8

9

10

11

12

13 24

14 24




Step 7: Boundary point 5 has same conditions as point 4 (and no reflection)

Point | R* R 0 v M n O+p 0-p X y

a 0 0.75 0.37 037 | 1.042| 73.74 74.11 -73.36 0 1
b 0] 12.75 6.37 6.37| 1.307| 49.90 56.27 -43.52 0 1
c 0| 24.75 1237 | 1237 | 1.516| 41.28 53.65 -28.90 0 1
d 0| 36.75 18.37| 18.37| 1.719| 35.57| 53.94 -17.19 0 1
1 0.75 0.75 0.00 0.75| 1.067 | 69.61 69.61 -69.61| 0.335| 0.000
2 0.75| 12.75 6.00 6.75| 1.321| 49.21 55.21 -43.21| 0.574| 0.458
3 0.75| 24.75 1200 | 12.75| 1.529| 40.86 52.86 -28.86 | 0.691| 0.619
4 0.75| 36.75 18.00| 18.75| 1.732| 35.27 53.27 -17.27 | 0.793| 0.754
5 0.75 - 18.00| 18.75| 1.732| 35.27 53.27 -17.27 | 1.293| 1.425
6

7

8

9

10

11

12

13 24

14 24




Step 8: Riemann invariants for remaining internal points

Point | R* R 0 v M n O+p 0-p X y

a 0 0.75 0.37 037 | 1.042| 73.74 74.11 -73.36 0 1
b 0] 12.75 6.37 6.37| 1.307| 49.90 56.27 -43.52 0 1
c 0| 24.75 1237 | 1237 | 1.516| 41.28 53.65 -28.90 0 1
d 0| 36.75 18.37| 18.37| 1.719| 35.57| 53.94 -17.19 0 1
1 0.75 0.75 0.00 0.75| 1.067 | 69.61 69.61 -69.61| 0.335| 0.000
2 0.75| 12.75 6.00 6.75| 1.321| 49.21 55.21 -43.21| 0.574| 0.458
3 0.75| 24.75 1200 | 12.75| 1.529| 40.86 52.86 -28.86 | 0.691| 0.619
4 0.75| 36.75 18.00| 18.75| 1.732| 35.27 53.27 -17.27 | 0.793| 0.754
5 0.75 - 18.00| 18.75| 1.732| 35.27 53.27 -17.27 | 1.293| 1.425
6 12.75 | 12.75

7 12.75| 24.75

8 12.75| 36.75

9 12.75 -

10 2475 | 24.75

11 24.75| 36.75

12 24.75 -

13 36.75| 36.75 24

14 36.75 - 24




Step 9: Compute flow properties and geometry

Point| R* R 0 v M n o+p 0-p X y

a 0 0.75 0.37 037 | 1.042| 73.74 7411 -73.36 0 1
b 0| 12.75 6.37 6.37| 1.307| 49.90 56.27 -43.52 0 1
c 0| 24.75 1237 | 1237 | 1.516| 41.28 53.65 -28.90 0 1
d 0| 36.75 18.37 | 1837 | 1.719| 35.57 53.94 -17.19 0 1
1 0.75 0.75 0.00 0.75| 1.067 | 69.61 69.61 -69.61| 0.335| 0.000
2 0.75| 12.75 6.00 6.75| 1.321| 49.21 55.21 -43.21| 0.574 | 0.458
3 0.75| 24.75 12.00| 12.75| 1.529| 40.86 52.86 -28.86| 0.691| 0.619
4 0.75| 36.75 18.00| 18.75| 1.732| 35.27 53.27 -17.27| 0.793 | 0.754
5 0.75 - 18.00| 18.75| 1.732| 35.27 53.27 -17.27| 1.293 | 1.425
6 12.75| 12.75 0.00| 12.75| 1529 | 40.86| 40.86 -40.86 | 1.082| 0.000
7 12.75| 24.75 6.00| 18.75| 1.732| 35.27 41.27 -29.27 | 1.363 | 0.245
8 12.75| 36.75 12.00| 24.75| 1.941| 31.01 43.01 -19.01| 1.625| 0.482
9 12.75 - 12.00

10 2475 | 24.75 0.00| 24.75| 1941 31.01 31.01 -31.01| 1.786 | 0.000
11 24.75| 36.75| 6.00| 30.75| 2.162| 27.55| 33.55 -21.55| 2.207 | 0.266
12 24.75 - 6.00

13 36.75| 36.75 0.00| 36.75 24| 2462 24.62 -24.62| 2.832| 0.000
14 36.75 - 0.00 24




Final Template after adding wall points

Point | R* R 0 v M n 0+ 0-p X y

a 0 0.75 0.37 037 | 1.042| 73.74 74.11 -73.36 0 1
b 0] 12.75 6.37 6.37| 1.307| 49.90 56.27 -43.52 0 1
c 0| 24.75 1237 | 1237 | 1.516| 41.28 53.65 -28.90 0 1
d 0| 36.75 18.37| 18.37| 1.719| 35.57| 53.94 -17.19 0 1
1 0.75 0.75 0.00 0.75| 1.067 | 69.61 69.61 -69.61| 0.335| 0.000
2 0.75| 12.75 6.00 6.75| 1.321| 49.21 55.21 -43.21| 0.574| 0.458
3 0.75| 24.75 1200 | 12.75| 1.529| 40.86 52.86 -28.86 | 0.691| 0.619
4 0.75| 36.75 18.00| 18.75| 1.732| 35.27 53.27 -17.27 | 0.793| 0.754
5 0.75 - 18.00| 18.75| 1.732| 35.27 53.27 -17.27 | 1.293| 1.425
6 12.75 | 12.75 0.00, 12.75| 1.529| 40.86| 40.86 -40.86 | 1.082| 0.000
7 12.75| 24.75 6.00| 18.75| 1.732| 35.27 41.27 -29.27 | 1.363| 0.245
8 12.75| 36.75 1200 | 24.75| 1.941| 31.01 43.01 -19.01| 1.625| 0.482
9 12.75 - 12.00| 24.75| 1.941] 31.01 43.01 -19.01| 3.177| 1.930
10 2475 | 24.75 0.00| 24.75| 1941, 31.01 31.01 -31.01| 1.786 | 0.000
11 2475 | 36.75 6.00| 30.75| 2.162| 27.55 33.55 -21.55| 2.207 | 0.266
12 24.75 - 6.00| 30.75| 2.162| 27.55 33.55 -21.55| 5.199| 2.250
13 36.75| 36.75 0.00| 36.75 24| 24.62 24.62 -24.62 | 2.832| 0.000
14 36.75 - 0.00| 36.75 24| 2462 24.62 -24.62| 8.069 | 2.400




Example: M ..=2.4

Nozzle contour and centreline Mach number, using 20 characteristics.
1, Is the nozzle throat half-width, depends on the flow rate.
Assuming 1, = 1 as the nozzle can be scaled for inviscid design.

8 7 ) 0 05 1 XII? 2 25
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